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 The study of mixed-symmetry states in thorium isotopes within the 

IBM-2 framework is essential for achieving a comprehensive 

understanding of nuclear structure, characterizing collective excitations, 

and validating theoretical models. In this work, the proton–neutron 

interacting boson model (IBM-2) was employed to calculate the low-

lying energy levels of even–even thorium isotopes in the mass range 220 

≤ A ≤ 230. The computations were performed using an improved version 

of the neutron–proton boson code (NPBOS). The Hamiltonian was 

constructed with parameter values optimized to provide the best fit to 

experimental energy levels. The model reproduced the energy spectra of 

𝑇ℎ 90
(220−230)

isotopes with high accuracy, yielding root mean square 

error (RMSE) values of 0.014 MeV, 0.006 MeV, 0.002 MeV, 0.012 

MeV, 0.503 MeV, and 0.401 MeV for each isotope, respectively, when 

compared with experimental data. Energy states were classified into 

fully symmetric (FS) and mixed-symmetry (MS) states by evaluating the 

F-spin of each calculated level. To investigate the role of the Majorana 

interaction, the parameters  𝜉1
+, 𝜉2

+, and 𝜉3
+ in the Majorana term 𝑀𝜋𝜈 

were allowed to vary independently, enabling the study of their 

differential effects. Within the U(5) limit for 𝑇ℎ,90
220  the MS states ( 

11
+, 31

+, 24
+, 22

+) were found to be highly sensitive to changes in the 

parameter 𝜉2
+ , confirming a key property of mixed-symmetry states. 

Furthermore, MS states with  (𝐹 = 𝐹𝑀𝑎𝑥 − 1) can be categorized into 

three groups according to their distinct dependence on the excitation 

energies associated with 𝜉1
+, 𝜉2

+, and 𝜉3
+. 
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1. Introduction 

The Interacting Boson Model (IBM) is a nuclear 

model that has been successfully applied to 

describe the collective properties of medium and 

heavy nuclei. It was originally formulated by 

Arima and Iachello [1]. The model employs 

bosons to simulate the motion of nucleons 

outside a closed shell. These bosons correspond 

to pairs of identical valence nucleons with 

angular momentum 0 (for the s-state) or 2 (for 

the d-state). The nearest closed shell is used to 

determine the number of bosons, which equals 

the number of particle–hole pairs. If the shell is 

more than half full, the nucleus is treated as a 

boson system [2]. 
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Microscopic considerations strongly suggest 

that neutron and proton degrees of freedom 

should be treated separately. As a result, a more 

generalized version of the model, IBM-2, was 

introduced. This version distinguishes between 

proton bosons (𝑠𝜋, 𝑑𝜋) and neutron bosons 

(𝑠𝜈 , 𝑑𝜈), each representing pairs of valence 

protons or neutrons. Compared with IBM-1, 

which treats all bosons identically, IBM-2 

provides a more detailed description of nuclei 

with unequal proton–neutron numbers [3]. 

The eigenvectors of the proton and neutron 

bosons may couple either symmetrically or 

antisymmetrically. The fully symmetric (FS) 

states correspond to those of IBM-1, while the 

antisymmetric case gives rise to the well-known 

mixed-symmetry (MS) states. To distinguish 

MS from FS states, Arima et al. introduced a 

new quantum number, the F-spin, into IBM-2 

[1,4,5]. This quantum number is analogous to 

nucleon isospin and characterizes neutron–

proton symmetry. Proton and neutron bosons 

form an F-spin doublet, and the total F-spin of a 

nucleus is obtained by coupling individual boson 

F-spin states with F = 1/2. Maximum F-spin 

states are fully symmetric under proton–neutron 

exchange, whereas mixed-symmetry states 

correspond to lower values of F (𝐹 < 𝐹𝑀𝑎𝑥). 

This research contributes to a deeper 

understanding of the complex dynamics within 

the thorium isotopic chain, shedding light on the 

fundamental principles that govern nuclear 

structure and behavior. Thorium isotopes, owing 

to their large mass numbers, undergo rapid 

changes in structure and shape. Analyzing MS 

states within the IBM-2 framework provides 

insights into this evolutionary process. These 

isotopes are nearly ideal systems for testing 

mixed-symmetry states because they exhibit 

properties intermediate between deformed and 

spherical nuclei, which favors the emergence of 

such states [6]. 

The outline of this paper is as follows: Section 2 

introduces the IBM-2 Hamiltonian formulation. 

Section 3 reviews the theoretical background of 

F-spin. Section 4 compares previously reported 

experimental and theoretical results with the 

present estimates and discusses the general 

features of Th isotopes in the mass range A = 

220–230. This section also includes six tables 

(Tables 1–6), which present comparisons of 

calculated and experimental energy levels, along 

with classifications of the energy states into FS 

and MS categories based on F-spin. In addition, 

the effect of the Majorana parameters on the 

energy levels of MS states is studied within the 

U(5) limit for 𝑇ℎ90
220 . The final section provides 

concluding remarks. 

2. the IBM-2 Hamiltonian operator: 

The IBM-2 Hamiltonian operator can be written 

as [7] : 

  𝐻̂ = 𝐻̂𝜌 + 𝐻̂𝜋𝜈                (𝜌 = 𝜋, 𝜈 )        (1) 

Here, the operator 𝐻̂𝜌 includes the single 𝜌 

boson energies and the two-body interaction 

amongst them. The operator 𝐻̂𝜌 can be written 

as:  

𝐻̂𝜌 = 𝜀𝜌𝑛̂𝑑𝜌
+ 𝑉̂𝜌𝜌                      (2) 

Where the operator  𝑛̂𝑑𝜌
 counts the number of 

the  d bosons of 𝜌 boson, 𝜀𝜌 is the binding 

energies of the d bosons of 𝜌 boson, and the 

operator 𝑉̂𝜌𝜌 can be written as :  

𝑉̂𝜌𝜌

= ∑  
1

2

 

𝐿=0,2,4

√2𝐿 + 1 𝐶𝐿
𝜌 

[(𝑑𝜌
†𝑑𝜌

†)(𝐿)(𝑑̃𝜌𝑑̃𝜌)(𝐿)]
(0)

+
1

2
𝑉0

𝜌
[(𝑑𝜌

†𝑑𝜌
†)(0)(𝑠𝜌𝑠𝜌)(0)

+ (𝑠𝜌
†𝑠𝜌

†)(0)(𝑑̃𝜌𝑑̃𝜌)(0)]
(0)

+
√5

√2
𝑉2

𝜌
[(𝑑𝜌

†𝑑𝜌
†)(2)(𝑑̃𝜌𝑠𝜌)(2)

+ (𝑑𝜌
†𝑠𝜌

†)(2)(𝑑̃𝜌𝑑̃𝜌)(2)]
(0)

+ 𝜅𝜌𝜌𝑄̂𝜌
(2)

. 𝑄̂𝜌
(2)

                                                  (3) 



Study of Mixed Symmetry States in Even-Even Thorium ……..                                                          M. I. Atawiry and  S. M .El-Kadi. 

 

17 

LIJNS Vol.1 No.2 (2025) 15-22 
 

𝑤ℎ𝑦𝐶𝐿
𝜌 

parameter of interaction of the identical 

bosons of the d state, 𝑉0
𝜌

 𝑎𝑛𝑑  𝑉2
𝜌

  parameters of 

interaction of the identical bosons and d bosons 

with s bosons. 𝑄̂𝜌
(2)

  is the neutron (proton) 

quadrupole operator, 𝜅𝜌𝜌 parameter of the 

quadrupole interaction of the identical bosons of 

s and d states. The operator 𝑄̂𝜌
(2)

 can be written 

as:  

𝑄̂𝜌
(2)

= (𝑠𝜌
†𝑑̃𝜌 + 𝑑𝜌

†𝑠𝜌)(2) + 𝜒𝜌(𝑑𝜌
†𝑑̃𝜌)(2)      (4) 

𝜒𝜌 is the quadrupole parameter of the identical 

bosons. The two-body 𝜋 − 𝜈 boson interaction is 

given by the operator 𝐻̂𝜋𝜈 , and it can be written 

as: 

𝐻̂𝜋𝜈 = 𝜅𝑄̂𝜋
(2)

. 𝑄̂𝜈
(2)

+ 𝑀̂𝜋𝜈                (5) 

𝜅 is the quadrupole parameter of the 𝜋 − 𝜈 

bosons. 𝑀̂𝜋𝜈 Majorana operator that can be 

written as : 

𝑀̂𝜋𝜈

=
1

2
 𝜉2(𝑑𝜈

†𝑠𝜋
† − 𝑠𝜈

†𝑑𝜋
†)

(2)
. (𝑑̃𝜈𝑠𝜋 − 𝑠𝜈𝑑̃𝜋)

(2)

−   ∑  

 

𝑘=1,3

2𝜉𝑘(𝑑𝜈
†𝑑𝜋

†)
(𝑘)

. (𝑑̃𝜈𝑑̃𝜋)
(𝑘)

        (6) 

𝜉𝑘(𝑘 = 1,3) parameter of the interaction of 𝜋 −
𝜈 bosons of d states, 𝜉2 parameter of 𝜋 − 𝜈 

bosons of s-d states.  

3. F-spin. 

The strong neutron–proton interaction in the 

IBM-2 model Hamiltonian leads to a high degree 

of neutron and proton boson mixing in the 

eigenstates. As a result, the eigenstates cannot be 

identified by explicit neutron and proton 

quantum numbers, since these are strongly 

mixed. A more suitable quantum number is the 

F-spin, which is analogous to isospin but not 

identical. The fundamental group structure of F-

spin is SU (2), and its three generators can be 

expressed explicitly as: 

𝐹+ = 𝑑𝜋
†𝑑̃𝜈 + 𝑠𝜋

†𝑠𝜈                        (7) 

  𝐹− = 𝑑𝜈
†𝑑̃𝜋 + 𝑠𝜈

†𝑠𝜋                      (8) 

 𝐹𝑧 =
1

2
(𝑑𝜋

†𝑑̃𝜋 + 𝑠𝜋
†𝑠𝜋 −  𝑑𝜈

†𝑑̃𝜈 + 𝑠𝜈
†𝑠𝜈)    (9) 

A boson is regarded as a spinor in F-spin space, 

with each boson carrying 𝐹 =
1

2
. The z-

component for a proton boson is 𝑀𝐹 =
1

2
  and 

𝑀𝐹 = −
1

2
  for a neutron boson.  The state 

becomes more symmetric as the value of F 

increases [6,7,8].  

The F-spin quantum number (𝐹 = 𝐹𝑚𝑎𝑥) can be 

transformed into a state composed exclusively of 

proton bosons through successive applications 

of the F-spin raising operator 𝐹+. The total F-

spin quantum number remains (𝐹 = 𝐹𝑚𝑎𝑥) 

because the raising operator does not change it. 

A pairwise exchange involving only proton and 

neutron labels does not alter this state, which 

consists solely of proton bosons. Therefore, 

IBM-2 states with (𝐹 = 𝐹𝑚𝑎𝑥) are referred to as 

full-symmetry states 𝐹𝑆. In contrast, all other 

states contain at least one pair of proton and 

neutron bosons with              (𝐹 < 𝐹𝑚𝑎𝑥), and are 

antisymmetric under pairwise proton–neutron 

exchange. These are called mixed-symmetry 

states MS [2]. The 𝐹𝑆 states have the maximum 

of 𝐹 − 𝑠𝑝𝑖𝑛 value 𝐹𝑀𝑎𝑥 =
𝑁𝜋+𝑁𝜈

2
, while the 𝑀𝑆 

states are characterized by  𝐹 = 𝐹𝑚𝑎𝑥 −
1, 𝐹𝑚𝑎𝑥 − 2, … , 𝐹𝑚𝑖𝑛. 

The F-spin character of a state|𝜓⟩can be 

qualitatively described by introducing the 

following measure: 

       𝑅 =
⟨𝜓|𝐹2

|𝜓⟩

𝐹𝑀𝑎𝑥(𝐹𝑀𝑎𝑥+1)
                     (10)              

This ratio serves as an indicator of F-spin 

mixing. A state can be regarded as an FS state if 

(R > 80%), whereas MS components are 

considered dominant if (R < 80%) [4]. 
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4. Results and discussion. 

The thorium isotopes  𝑇ℎ 
(220−230)  have 𝑁𝜋= 4 

while  𝑁𝜈varies from 2 to 7. The experimental 

and calculated energy levels, along with the 

corresponding F-spin values and the calculated 

(R) ratio for each isotope, are summarized in 

Tables 1–6. The energy spectra were obtained by 

diagonalizing the IBM-2 Hamiltonian using the 

NPBOS program for numerical computations 

[9]. The calculated values show good agreement 

with the available experimental data for the 

energy levels of each isotope. As indicated by 

the RMSE values, the IBM-2 results generally 

reproduce the experimental spectra well, 

although discrepancies appear for high-spin 

states. This arises because the model operates 

within a restricted Hilbert space: the total 

number of bosons equals half the number of 

nucleons outside the closed shell. While this 

restriction is essential to keep the calculations 

tractable, it limits the model’s accuracy at higher 

excitation energies, where additional degrees of 

freedom would be required. 

 The classification of energy states is based on 

the R ratio and the corresponding F-spin values. 

The fully symmetric FS states are found at lower 

excitation energies, whereas the mixed-

symmetry MS states ( 𝐹 = 𝐹𝑚𝑎𝑥 − 1) appear at 

higher energies. This behavior can be 

understood in terms of nucleon motion: in FS 

states, protons and neutrons move in phase, 

which maximizes the attractive interaction 

between them and leads to more stable, lower-

energy configurations. In contrast, MS states 

involve out-of-phase motion between protons 

and neutrons, which requires additional energy 

to maintain; thereby raising the overall energy of 

the state and reducing its stability.  

Furthermore, some MS states correspond to 

( 𝐹 = 𝐹𝑀𝑎𝑥 − 2), such as the  23
+ state of 𝑇ℎ90

228  

and the 24
+ state of 𝑇ℎ90

230 . 

Table 1: Comparison between Exp [10 − 15] and 

calculated (IBM-2) energy levels, the computed R-

ratio, and the associated F-spin numbers of 𝑇ℎ90
220 . 

 

 

 

The computed R value provides a good description 

of the corresponding MS components. Tables (1-6) 

show the classification of states into fully 

symmetric states and mixed symmetric states based 

on the value of the ratio R. The value of F-spin is 

calculated from the ratio R using equation (10).  

The R ratios are less than 80% for some states of 

𝑇ℎ90
(220−230)

 isotopes, and all of these states are 

mixed symmetric states; therefore, the F-spin for 

these states equals (𝐹 = 𝐹𝑀𝑎𝑥 − 1), while the states 

that have R ratios greater than 80% are fully 

symmetric and have (𝐹 = 𝐹𝑀𝑎𝑥).   

Table 2: Comparison between Exp [10 − 15] and 

calculated (IBM-2) energy levels, the computed R-

ratio, and the associated F-spin numbers of 𝑇ℎ90
222 . 
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Table 3: Comparison between Exp [10 − 15] and 

calculated (IBM-2) energy levels, the computed R-

ratio, and the associated F-spin numbers of 𝑇ℎ90
224 . 

 

 
 

 

Table 4: Comparison between Exp [10 − 15] and 

calculated (IBM-2) energy levels, the computed R-

ratio, and the associated F-spin numbers of 𝑇ℎ90
226 . 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

Table 5: Comparison between Exp [10 − 15] and 

calculated (IBM-2) energy levels, the computed R-

ratio, and the associated F-spin numbers of 𝑇ℎ90
228  

 

 
 

 

All mixed symmetry states have more MS 

components than the FS components, according to 

the computed R ratio values.  

 

Table 6: Comparison between Exp [10 − 15] and 

calculated (IBM-2) energy levels, the computed R-

ratio, and the associated F-spin numbers of 𝑇ℎ90
230 . 
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4.2. The effect of Majorana parameters 

(𝝃𝟏, 𝝃𝟐 𝒂𝒏𝒅 𝝃𝟑  ) on the energy levels 

within the U(5) limit. 

 

Within the framework of the IBM-2 model, the 

Majorana term  𝑀̂𝜋𝜈 plays a crucial role in the 

study of mixed-symmetry MS states of certain 

excited energy levels. The parameters 

𝜉1, 𝜉2, 𝑎𝑛𝑑 𝜉3  are treated as independent 

variables, allowing the effect of each parameter 

on different states to be investigated. The 

Majorana parameters influence various MS 

character states but have no impact on fully 

symmetric FS states. 

 This behavior is particularly evident in the U(5) 

limit of the IBM-2 model, where the excitation 

energies of MS states associated with different 

irreducible representations can be expressed 

analytically as functions of the Majorana 

parameters. The Hamiltonian operator 

describing the interaction of different bosons in 

the U(5) limit is given by the following relation 

[16, 17]: 

        𝐻̂ = 𝜀(𝑛̂𝑑𝜋
+ 𝑛̂𝑑𝜈

) + 𝑀̂𝜋,𝜈        (11) 

Thus, the eigenvalues of this operator are given 

by the following relation: 

 

𝐸 = 𝜀𝑛𝑑 +
1

2
𝑁𝜉2 +

1

2
𝑛𝑑(− 𝜉2 + 𝜉1)

+ 𝜁(−𝜉1 + 𝜉3)                 (12) 

 

Where 𝜁 is a positive coefficient that depends on 

the number of d-bosons, and the first term 

describes the excitation energies of the FS states. 

To study the effect of the Majorana parameters 

on mixed-symmetry states within the 

vibrational limit U(5), we have determined the 

mixed-symmetry states of the isotope 𝑇ℎ 90
220 as 

(22
+, 24

+31
+, 11

+). The value of the F-spin for 

these states is approximately (F = 2); therefore, 

they are classified as mixed-symmetry (MS) 

states with (F = Fmax-1). 

 
 

Fig.1.Excitation energies calculated for 𝑇ℎ90
220  , as a 

function of 𝜉1(for 𝜉2 = −0.164𝑀𝑒𝑉 𝑎𝑛𝑑 

 𝜉3 = 1.509𝑀𝑒𝑉 ). 

 

 

Fig.2. excitation energies calculated for 𝑇ℎ90
220 , as a 

function of  𝜉2 (for 𝜉1 = 1.790𝑀𝑒𝑉 𝑎𝑛𝑑 𝜉3 =
1.509𝑀𝑒𝑉). 
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The excitation energies of the relevant states 

of 𝑇ℎ90
220  are demonstrated by varying 𝜉1 (fig. 

1), 𝜉2 (fig. 2), and 𝜉3   (fig.3), while 

maintaining the other two parameters at their 

final adopted values. It is clear that Majorana 

parameters do not affect fully symmetric 

states (21
+, 41

+61
+, 81

+, 23
+), but they do affect 

states with mixed symmetric states 

(22
+, 24

+31
+, 11

+) differently. 
 

 
Fig.3. excitation energies calculated of 𝑇ℎ90

220  , as a 

function of  𝜉3 (for 𝜉2 = −0.164𝑀𝑒𝑉 𝑎𝑛𝑑 𝜉1 =
1.790𝑀𝑒𝑉). 

 

The excitation energies of the MS states with 

(𝐹 = 𝐹𝑀𝑎𝑥-1) can be classified into three groups 

according to the figure in reference [16]: 

1. The excitation energy of MS states is: 

   𝐸 = 𝜀𝑛𝑑 +
1

2
𝑁𝜉2                           (13) 

2. The excitation energy of MS states is: 

𝐸 = 𝜀𝑛𝑑 +
1

2
𝑁𝜉2 +

1

2
𝑛𝑑(− 𝜉2 + 𝜉3)         (14) 

3. The excitation energy of MS states is: 

 

𝐸 = 𝜀𝑛𝑑 +
1

2
𝑁𝜉2 +

1

2
𝑛𝑑(− 𝜉2 + 𝜉1)

+ 𝜁(−𝜉1 + 𝜉3)              (15) 

As is clear from Figures 1, 2, and 3, the three 

groups of the MS states with the excitation 

energies shown in Equations (13, 14, and 15) can 

be classified according to their dependence on 

the parameters  𝜉1, 𝜉2, 𝑎𝑛𝑑 𝜉3  into: 

1. 𝜉2 (all groups of mixed symmetry states). 

2. 𝜉3   (mixed symmetry with the excitation 

energy in Equations (14) and (15)). 

3. 𝜉1 (mixed symmetry with the excitation 

energy in Equation (15)) [16,17]. 

 

5. Conclusion. 

This study demonstrates that the IBM2 model 

not only accurately describes the energy 

spectrum of thorium isotopes but also achieves 

excellent quantitative agreement, as reflected by 

the low RMSE values obtained. These values, 

ranging from 0.002 MeV to 0.503 MeV across 

the studied isotopes, confirm the model's validity 

as a robust theoretical framework for 

understanding the collective nuclear structure of 

these nuclei. The classification of the energy 

states of these isotopes, based on the F-spin 

formalism, distinguishes between fully 

symmetric states and mixed symmetric states. 

The mixed symmetric states with (F=F_max-1) 

can be further characterized according to their 

dependence on the parameters ξ_1, ξ_2, and ξ_(3  

). The IBM-2 model thus provides an effective 

predictive tool for guiding experimental research 

on mixed-symmetry states. The findings indicate 

that thorium isotopes, which exhibit transitional 

features between vibrational and rotational 

nuclear structures, offer an ideal environment for 

the existence of these states. Overall, this study 

delivers a detailed theoretical roadmap for the 

energies and classifications of mixed-symmetry 

states, thereby paving the way for future 

experimental verification and advancing our 

understanding of the collective dynamics in 

these nuclei. 
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